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( ) (Katura Miyazaki)
\S 1 Twisting
\S 2 Unknotting operation
\S 34 , $S^{4}$
\S 43 ,
\S 5
\langle , local move.





$K$ $K’$ $(n, k)$ -move 1 $K^{(n,k)}arrow K’$ .
$K$ $k,$ $n\in Z$
$K \frac{(n,k)}{\prime}0$ , a trivial knot
, $K$ twisting .
$\triangleleft’t^{\backslash }\ovalbox{\tt\small REJECT} 6^{/}7\backslash \int_{\backslash }^{\wedge}$. $P^{\sigma)}/| \frac{-\prime\varpi}{\rho}a’*$






self-#(I)-move : #-unknotting operation
local move.





$K$ $L$ $K\sim L$ .
$K\cong K_{1^{arrow}}^{(n_{1},2)}K_{2}$ ( ). . $(n_{m},2)-arrow K_{m+1}\cong L$ $n$ ;
$\mathcal{K}$ , $\#(\mathcal{K}/\sim)$ ?
. Yes. ( , )
$n$ $k$ , $(n, k)$-move determinant .
$\#^{m}T(2,3)$ $\#^{l}T(2,3)$ $m\neq\ell$ . ,
Jones twisting formula , Goeritz matrix .
12. ( )
. $K$ $n\in Z$ $Karrow K’arrow 0(n,1)(n-1,-1)$ .
. $K$ , $m,$ $n$ $K’$ ?
$K^{(m,\pm 1)(\underline{n,}\pm 1)}arrow K’arrow 0$ .
1. $m$ $n$ , $K$
.
2. $4_{1^{arrow K’arrow 0}}^{(m,1)(n,-1)}$ $m,$ $n$ .
13.
(a) ( ) knot ?
$K$ : knot $K$ twisting , $K$‘
$K\neq K’$ twisting .
. 2-bridge knot $K$ , twisting , $K$ knot.
($K’=-K!$ . )
(b) ( ) knot ?




$\bullet$ $T(2,75)\# k$ $k$ slice knot ( )
$\bullet$ $T(2,45)\neq k’$ $k’$ 1 slice knot ( )
$\theta K_{m}=\partial(S_{1}\mathfrak{h}_{b}S_{2})$ ( )
, $S_{1},$ $S_{2}$ $T(2,3),$ $T(2,4m-1)$ Seifert surface
. $b$ $S_{1}$ $S_{2}$ band $intb\cap S_{i}=\emptyset$ . band $b$
. $m$ , $m\equiv 1mod 3,$ $m>1,2m+1$ .
band $K_{m}$ prime knot.
$o$ 3 $K$ , 3 figure eight knot
( )
(1) $p$ $\sigma_{p}(K)=0,$ (2) $Arf(K)=1,$ (3) $H_{1}(X)$ 3
. $\sigma_{p}$ Tristram p-signature, $X$ $S^{3}$ $K$ 2-fold branched
covering .
1.4(a). ( )
$K_{1},$ $K_{2}$ satellite knot $K_{I}\# K_{2}$ twisting ?
1. satellite knot , .




(a) , $\exists K_{1},$ $\exists K_{2}$ 2-bridge knot torus knot .
$K_{1}\neq K_{2}$ twisting ?
(c) ( , )













1.5. ( ) Unknotted solid torus twisting
$V\subset S^{3}$ , standard solid torus
$K:V$ wrap$v(K)\geq 2$
$f_{n}$ : $Varrow V$ , n-twisting homeomorphism
. $n\neq 0$ $K\cong f_{n}(K)$ ( $S^{3}$ ) (V, $K$ )
?





1. [ ] [Mathieu] $K$ $S^{3}$ trivial knot .
2. Litherland signature , $K$ $f_{n}(K)$
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: $wind_{V}(K)\geq 3$ , $wind_{V}(K)=2$ $n\geq 2$ .
. ( ) skein . 2-comonent trivial link
skein 2-component link ? .
2 Unknotting operation
21. ( )
unknotting operation type 1 . amphicheiral knot $K$ , am-
phicheiral knot $K_{1},$ $\ldots,$ $K_{n}$ ?
$Karrow K_{1}arrow K_{2}arrow\cdotsarrow K_{n}arrow 0$ , $arrow$ unknotting operation 2
. $K$ : strongly amphicheiral knot , .
2.2. ( , ) unknotting number #-unknotting number
$u(K)=n$ . $n$ crossing positive crossing
$P$ , negative crossing $q$ . $p,$ $q$ $n$ .
$u\#(K$ $(2,1)- cable)=n+\min|p-q|$ ?
$1$ . $\leq 2n$ . , $u(K)=1$
$u^{\#}(K$ $(2,1)- cable)=2$.
2. $u\#^{p}(K$ $(p, 1)- cable)=1$ .
23. ( )
erk unlinking operation $B^{a}$ ?$=$
1. $p$ $|p|\geq 4$ . E.g. Borromean rings Fox’s
congruence mod$(2,2)$ trivial link .
2. $p\neq 1$ , .
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3. $p=5$ . $p\neq 3$ :Hopf link.
4. $p$ $=3$ ( ) Montesinos .
24. ( )
$\backslash \nearrow A$ unlinking operation ?
2.5. ( ) mutation unknotting number
mutation unknotting number ? i.e. $k$ $k’$ mutant
. , $u(k)=u(k’)?u\#(k)=u\#(k’)$ ?
. $u\#(k)\equiv u\#(k’)mod 2$
2.6. ( ) boundary link
. boundary link self-#(I)-move trivial link .
. $l=k_{1}\cup\cdots\cup k_{n}:Z_{2}$ -boundary link s.t. $1k(k_{i}, k_{j})=0,$ $i\neq i$ , $p$
self-#(I)-move trivial link ?
. 2-component link .
2.7. ( ) $\triangle$-unknotting operation (1)
. \triangle -unknotting operation up to homeo. .
. ?
$\Delta_{f}$ \triangle -unknotting opertion
$A_{r}$ \triangle -unknotting operation
.
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2.8. ( ) $\Delta$-unknotting opertion (2)
$K$ $u^{\Delta}(K)=1$ . $\triangle^{l},$ $\triangle’’$ $K$ trivial knot \triangle -unknotting
operation . $\Delta’$ $\triangle^{l\prime}$ 2.7 ?
3 4 , $S^{4}$
3.1. $($ $)$ Exotic 4-manifold
$M^{4}$ smooth, 4 $\pi_{1}(M)$ weight$=1$ , $i.e$ . $\exists weight$ element
$x\in\pi_{1}(M)$ s.t. $\tau$ $1(M)/<x>=1$ , $<*>$ normal closure. $M^{4}$ weight el-
ement surgery smooth 4-manifold , $S^{2}\cross S^{2}$ $CP^{2}\neq\overline{CP^{2}}$
exotic ? , $M^{4}$ ,\pi 1 $(\Sigma)$ weight $=1$ $\mu(\Sigma)\neq 0$
3 $\Sigma$ spun 4 ?
.
1. 3 $\Sigma$ $S^{3}$ $K$ ( ) $1/2n$-Dehn surgery
. $\Sigma$ spin 4 surgery
circle , Dehn surgery solid torus core , smooth
4-manifold $S^{2}\cross S^{2}$ diffeo . $\mu(\Sigma)=0$ .
2. $\Sigma=\Sigma(2,3,5)$ spin 4 surgery exotic $S^{2}\cross S^{2}$
, Scharlemann exotic $S^{3}\cross S^{1}\# S^{2}\cross S^{2}$ .
3.2. ( )
$m\geq 3$
$F_{m}:\{s_{1}, \ldots, s_{m-1}\}$ rank$=m-1$ .
$B_{m}$ : $s_{1},$ $\ldots,$ $s_{m-1}$ m-braid ,
i.e. , $s;s;^{-1},$ $|i-j|>1$ $s_{i}s_{j}s_{i}s_{j}^{-1}s_{i}^{-1}s_{j}^{-},$ $|i-j|=1$
$p$ : $F_{n}arrow B_{n}$ .
. $\omega\in F_{m}$ $p(\omega)=1$ , (1)(2)(3) word $\omega$
empty word .
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(1) $(s_{i}s_{i}^{-1})^{\pm 1}$ word , .
(2) $[s;, s_{j}]^{\pm 1},$ $|i-j|>1$ word , .
(3) $(s;s_{j}s;s_{j}^{-1}s_{i}^{-1}s_{j}^{-1})^{\pm 1},$ $|i-j|=1$ word , .
. $\omega\in F_{n}$ $p(\omega)=1$
$\chi(\omega)=\min${ $\omega$ empty word (3) } .
1 . $\chi$ trivial m-braid ,
, Reidemeister III move .
2. $\chi$ 2 $braid\subset D^{2}\cross D^{2}$ 3 triple point
.
33,34
closed smooth 4-manifold $M$ puncM $=M-intB^{4}$
$K$ closed smooth 4-manifold $M$ slice , $K\subset\partial(puncM)$




1 . Slice$(S^{2}\cross S^{2})=Slice(CP^{2}\#\overline{CP^{2}})$
$=$
2. Slice$(CP^{2})$ .
3. topologically locally flat category $CP^{2}\neq CP^{2}$ slice.
3.4. ( )
(a) $K\subset\partial D^{4}$ , nonorientable 4-genus $\gamma^{*}(K)$ $K$ $D^{4}$
nonorientable smooth surface 1 .
. $\forall n,$ $\exists K$ $\gamma^{*}(K)\geq n$ ?
(b) $K\subset\partial D^{4}$ . $\gamma^{*}(K)$ smooth topologically locally flat
, nonorientable topologically locally flat 4-genus $\gamma^{*}-(K)$ .
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. $\gamma^{*}-(K)\leq 2$
. $K\subset\partial(puncCP^{2})$ topologically loclly flat Moebius band
$puncCP^{2}$ .
. ( ) $K$ smooth Moebius band $puncCP^{2}$ ?
3.5. ( )
2-knot unknotting operation .
1. 2-knot l-handle (i.e. l-surgery ) unknotted surface
. [Hosokawa-Kawauchi]
2. [Giller] “crossing change” , 2-knot unknotted $S^{2}$ .
“crossing change” , embedded $S^{2}$ immersed $S^{2}$
.
3.6–3.8 $S^{4}$ knotted torus $T$ ; $X=S^{4}-intN(T)$ .
3.6. ( ) peripheral subgroup
$Z^{3}\cong\pi_{1}(\partial X)arrow\pi_{1}(X)$ image peripheral subgroup $P(T)$ . $m,$ $n$
$P(T)\cong Z\oplus Z_{m}\oplus Z_{n}$ torus $T\subset S^{4}$ .
. $T=(2- knot)+(1- handle)$ $Z\oplus Z_{n}$ . $P\cong Z^{3}$
. [Asano] [Litherland]
3.7. ( ) $\pi_{1}(X)$ center .
1. $T=$ (6-twist spun $trefoil$ ) $+(1- handle)$ center$=Z\oplus Z_{n}$ .
2. $(S^{n}\subset S^{n+2}, n\geq 3)$ ,
center . (Kervaire-Hausmann)
3.8. ( ) $\pi_{1}(X)$ commutator subgroup .
1. $\exists T=(2- knot)+(1- handle)$ s.t.
commutator $subgroup\cong<a,$ $b|a^{P}=b^{q}=(ab)^{r}=1>$ .
$p,$ $q$ . $p,$ $q,$ $r$ .
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$Eg$. $p=5,$ $q=3,$ $r=2$ , 5 .
2. 2-knot , commutator Hillman,
.
4 3 ,
4.1. ( ) Tangle height
n-tangle $(B, t)$ height $h$ , connected essential surface $S\subset B-$
$intN(t)$ $\chi(S)\geq h$ . $h$ , height $=h$ tangle
.
.
1. . [Kobayashi-Nishi] Proposition 3.1 .
height .
2. , closed orientable 3-manifold $M^{3}$ g-characteristic knot $K(i.e$ .
$M^{3}$ –int$N(K)$ genus $g$ incompressible surface $\partial N(K)$ parallel
) .
4.2. ( ) Simple Loop Conjecture
$F^{2}$ : closed surface, $M^{3}$ : closed 3-manifold $f$ : $F^{2}arrow M^{3}$ 2-sided .
. $F$ essential simple loop $\ell$ $f(\ell)\subset M^{3}$ es-
sential loop $f_{*}:$ $\pi_{1}(F^{2})arrow\pi_{1}(M^{3})$ ?
1. $f$ , Yes.
2. 2-sided , $f$ ,
e.g. $RP^{1}\cross S^{1}\subset RP^{2}\cross S^{1}$ .
3. $M^{3}$ Seifert fibered space , minimal surface Yes [Hass].
?
4. $f$ 2-sided ,
Yes [Gabai]. .
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4.3. ( ) Dehn surgery Seifert fibered space
1 . iterat$ed$ torus knot Dehn surgery Seifert fibered space ,
exceptional fiber 3 .
2. torus knot 2 Dehn surgery exceptional fiber 4
Seifert fibered space .
. Dehn surgery exceptional fiber 5
Seifert fibered space ?
4.4. ( )
knot exterior hyperbolic piece hyperbolic mani-
fold . .
4.5. ( ) Knotted solid torus twisting
$F$ $S^{3}$ knot $K$ exterior $\geq 2$ closed incompressible surface
. $D$ $F$ compressing disk , $D$ isotopy $\min\#(D$
$K)\geq 2$ . $\partial D$ $1/n$-Dehn surgery $K$ $K_{n}$
$n\neq 0$ $K_{n}\not\cong K$ ?
. $F$ 1 $n\neq 0$ $K_{n}\not\cong K$ (ambient isotopic ).
[ ]
4.6. ( ) Strongly negative amphicheiral knot
. (1) $K$ : negative amphicheiral knot
$\Rightarrow K$ : strongly negative amphicheiral knot,
. [Whitten] [Hartley]
(2) $K$ simple knot $\Rightarrow$ .
. $K$ satellite knot , $\Rightarrow$ $K$
.
. , invertible \Rightarrow strongly inv. . (1),(2)
. :
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[Boileau] $K$ $(^{*})$ invertible knot , $K$ strongly invertible:
$(^{*})K$ winding number $0$ .
4.7. ( )
$I_{p}$ : p-fold irregular simple dihedral branched covering of a knot $K\subset S^{3}$ ,
i.e. $\exists$ : $\pi_{1}(S^{3}-K)arrow D_{p}$ , $P$
meridian $rightarrow$
branched covering.
$\Sigma_{2};K$ 2-fold branched covering
, $\beta_{1}(\Sigma_{2})-1\leq\beta_{1}(I_{p})\leq\frac{p-1}{2}(\beta_{1}(\Sigma_{2})-1)$ ? $\beta_{1}(X)=\dim H_{1}(X;Z_{p})$ .
1. $p=3$ .
2. Montesinos knot .
3. $K$ 2-bridge knot , .
4. Montesinos knot .
4.8. ( ) $Z_{2}$-boundary link
(a) $Z_{2}$ -boundary link mutant ei $Z_{2}$-boundary link $B^{a}$ ? (Cf. 2.6.)
1. 2-component link [Jin-Ko].
2. $Z_{2}$ [Jin-Ko].
3. mutant link self-#(I)-move .
(b) ribbon link $Z_{2^{-}}boundary$ link ?
. 2-component link (Hillman).
4.9. ( ) 0-surgery knot cobordism
$K$ oriented $S^{3}$ oriented knot . $K$ 0-surgery $M_{K}$ oriented 3-manifold.
$H_{1}(M_{K})$ generator $\alpha_{K}$ $K$ . $\exists f$ : $M_{K}arrow M_{L}$
homeo $f_{*}(\alpha_{K})=\alpha_{L}$ $K$ $L$ ?
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1. :
$\exists K$ s.t. $K$ $K$ ( $K$ )
. [Livingston].
, [Kirby ] Problem 1.19(Akbulut-Kirby) .
2. homotopy$B^{4}$ =B4 K s1ice Yes.
5
5.1. ( )
. $K$ : simpliciaJ complex ( $n$ $|K|=$ )
$K\triangleright L$ : .
1. $K\triangleright L_{1},$ $K\triangleright L_{2}$ , $L_{1}$ $L_{2}$ ?
1 . Alexander modulo simplicial isomorphism .
( $K$ simplicial isom. . )
2. $n=2$ .
2. (Hudson?) $K\triangleright L_{1},$ $K\triangleright L_{2}$ ?
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